Abstract-An uplink system with a single antenna transmitter and a single receiver with a large number of antennas is considered. We propose a single-shot noncoherent scheme which does not use the instantaneous channel state information (CSI), but rather only the knowledge of the channel statistics, a transmitter that modulates information only in the amplitude of the symbols, and a receiver which measures only the average received energy across the antennas. This system model is motivated by the simplicity of the circuit design and the energy efficiency it entails for both the transmitter and the receiver. We propose constellation designs which are asymptotically optimal with respect to symbol error rate (SER) with an increasing number of antennas, for any finite signal-to-noise power ratio (SNR), under different assumptions on the availability of CSI statistics. We describe in detail the case when there is a bounded uncertainty on the moments of the fading distribution. We present the numerical results on the SER performance achieved by these designs and find that they outperform the existing amplitude-modulation-based noncoherent scheme of amplitude shift keying (ASK). They also achieve a smaller peak-to-average power ratio (PAPR) for scenarios with a low SNR or a large line-of-sight (LOS) component.
replaced noncoherent systems and have provided attractive and commercially-viable wireless system designs [3] .
However, as the demand for mobile data in wireless broadband communications increases dramatically every year, there is an evident trend towards higher and higher carrier frequencies and large antenna arrays [4] [5] [6] . In these scenarios, the issues of simple circuit designs, inexpensive hardware components and energy efficiency become as crucial to system design as spectral efficiency [7] , [8] . Increasing the number of antennas increases the number of radio frequency (RF) chains, thereby causing increased complexity, energy consumption and demands on the fronthaul infrastructure [9] , [10] . In addition, hardware impairments such as phase noise and I/Q imbalance also become more severe at both the transmitter and the receiver when coherent communication techniques are employed [11] . Architectures that use simple, robust and energy efficient designs are thus important to realizing many of the performance benefits of large antenna systems, especially when it comes to systems that use a mmWave carrier frequency [12] . Furthermore, accurate channel state acquisition is critical to realizing many of the diversity and beamforming benefits in existing high speed communication systems, but with an increasing number of antennas and operating bandwidths, the complexity and overhead of channel state acquisition grows proportionally [4] .
In this work, we propose an energy-based or, equivalently, an amplitude-based encoding and decoding procedure that uses the channel fading statistics in the design of the transmit constellation points for a large antenna SIMO system with only envelope detectors. We then demonstrate the performance gains of this technique over other noncoherent and coherent schemes. Specifically, we address the problem of optimizing the transmit power levels based on an asymptotically tight and analytically tractable upper bound on the uncoded SER for any given SNR, under different assumptions on the knowledge of the CSI statistics. This optimization leads to constellation designs that are robust to imperfect channel knowledge and depend only on estimates of the first few channel moments. Such estimates are relatively easy to acquire; for example, the energy in the LOS component can be estimated on time scales larger than those needed for estimating instantaneous phase.
A. Prior Work
The earliest incarnations of noncoherent systems were mostly motivated by the simplicity of the receiver circuitry: the use of envelope detectors actually can be traced back to 1536 -1276 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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the well-studied quadrature and square law receivers [13] , [14] employed in the noncoherent detection of several well-known modulation schemes, such as Frequency-Shift Keying (FSK), Amplitude Shift Keying (ASK) and Pulse Position Modulation (PPM). Note that in these schemes, contrary to this work, the parameters of the transmission schemes, e.g., the amplitude levels in the ASK modulation, are constant and independent of the underlying channel fading conditions. Non-coherent communication experienced a resurgence in early work on space-time communication. Specifically, in [15] a noncoherent maximum likelihood (ML) decoder for spacetime communication was proposed, with signal constellation designs based on a metric motivated by a union bound on the probability of error in the high SNR regime. Similar metrics, also motivated by a high SNR analysis in spacetime communication, are presented in [16] where the worstcase chordal distance is employed to place the codewords as far apart as possible. An alternative to the ML detection of the transmitted symbols through a space-time channel is considered in [2] , where the authors consider the problem of joint channel and transmitted symbol estimation, and propose a minimum distance criterion for code design using the Generalized Likelihood Ratio Test (GLRT) in the additive white Gaussian (AWGN) channel at high SNR. The GLRT is necessary when the channel statistics are not known precisely and it involves maximizing the noncoherent likelihood function over all possible values of the channel statistics. While these decoders are applicable to a very general class of channels, they generally require a receiver that is equipped with more than energy detectors. In this work, our focus is on understanding and optimizing the performance of energybased encoders and decoders with a large but finite number of antennas, for any finite SNR, based on an asymptotically tight and analytically tractable upper bound on the probability of error performance.
In [17] , a narrowband massive SIMO system with independent and identically distributed channel coefficients was considered. It was shown there that one can achieve a throughput scaling law in the number of receive antennas which is no different from that with perfect CSI. Note that the present work uses the same system model as in [17] . However, we now go beyond the scaling law characterization of the energybased noncoherent massive SIMO system in the limit of a large number of antennas to study constellation design and performance outside this asymptotic regime. In particular, we develop an optimized energy-based constellation design for any finite SNR and any finite number of receive antennas, with perfect or imperfect knowledge of only the first few moments of the channel fading distribution.
In [18] , motivated by the large bandwidths of the mmWave spectrum, the asymptotic behavior of a wideband energybased noncoherent SIMO communication system is studied when both receive antennnas and bandwidth grow jointly to infinity. It has been shown there that employing an energybased modulation scheme can lead to optimal capacity scaling with respect to the number of receive antennas and the bandwidth when the latter grows at a rate slower than the number of antennas; otherwise, coherent communication strictly outperforms noncoherent communication. Note that [18] provides only asymptotic scaling law results; there is no attempt to analyze practical constellation designs or their performance for a finite number of antennas.
In this work, we show that it is possible to design simple amplitude-based modulation schemes that can lead to significantly improved performance over that of conventional ASK modulation or the equidistant power-level modulation considered in [17] for systems with finite antenna arrays. To the best of our knowledge, this line of work, with initial results shown in [19] , is the first to consider an energy-based encoding and decoding procedure that uses the channel fading statistics in the constellation design for a noncoherent large antenna system.
The suggested modulation schemes are noncoherent amplitude-based modulations with amplitude levels decided based on perfect or imperfect knowledge of the fading statistics, rather than on the instantaneous CSI. These designs are most compelling for the uplink of low-power wireless systems, such as sensor networks, where the receiver uses only an amplitude-based modulation [20] without the need for I/Q chains, local oscillators and mixers. More generally noncoherent designs should be considered in scenarios where hardware simplicity and energy efficiency are more important than spectral efficiency. Noncoherent modulation design for the downlink (i.e., for a massive MISO system) have been explored in [21] .
B. Discussion
In this section we discuss why noncoherent amplitudebased modulation is an attractive and practical alternative to conventional I/Q-based architectures in cases where phase acquisition and/or tracking is not possible. To see this, note that typically the number of RF chains in a wireless system equals the number of antennas, where each RF chain entails some amount of complexity, energy consumption and hardware impairments [4] , [7] , [8] . Signal processing limitations and accounting for hardware non-idealities are often considered the most important bottlenecks of migrating to systems with a large number of antennas (e.g. 256 or more) [8] , [12] . A lot of research is addressing this challenge through hybrid beamforming architectures [22] [23] [24] [25] [26] , signal processing based on analog techniques [9] , [27] , [28] , and low-rate Analogto-Digital conversion (ADC) methods [29] [30] [31] in order to decrease the hardware complexity of the traditional pilot-based designs that use coherent modulations. Even when the most promising of these hardware simplifications are taken into account, channel estimation in a mmWave system with a large number of antennas can be a non-trivial problem and is an active area of current research [32] [33] [34] [35] [36] . In fact the use of a single antenna port and RF chain for reading out the analog combination of outputs of multiple antenna elements makes channel estimation in such systems more involved [12] . In a noncoherent system design like the one considered in this work, no estimation of the instantaneous phase is needed and problems like phase noise [37] and I/Q imbalance are not the bottleneck [38] , [39] ; only the long-term path loss and the power of the LOS component with respect to the non-line-of-sight (NLOS) components need to be estimated, and imperfect knowledge of those parameters can be taken into account in the design as is shown in this work.
Furthermore, a large number of antennas will be needed to provide sufficient link margin when the carrier frequency is in the mmWave frequencies. Several independent research groups that work on designing multi-Gbps transceivers in mmWave carrier frequencies for short-distances have already corroborated that QAM-based transceivers have several limitations compared to noncoherent-based transceivers. Actually, in [40] , the authors presented an On/Off keying (OOK) wireless transceiver which achieves a 15-Gb/s throughput and a great transceiver energy-efficiency. Table 1 in [40] summarizes 7 prototypes, 5 of which used amplitude modulation, and the remaining QAM modulation with a 10-fold decrease in energy efficiency, without achieving much higher throughput (16 Gb/s).
C. Main Contributions
The main contributions of this work are outlined as follows:
• We formulate a constellation design problem that maximizes the error exponent of the SER with respect to the number of receive antennas under different assumptions on the availability of CSI statistics. We then propose an asymptotically optimal constellation design with an increasing number of antennas, for any finite SNR.
• We show how the suggested formulation can be used to design approximately asymptotic optimal constellations when, instead of the perfect knowledge of the fading statistics, only the first few moments are available at the transceivers. In the case of a Rician fading channel, the suggested design only requires knowledge of the SNR and the LOS's power. This is a design of practical interest since it allows the transceivers to estimate only the SNR and the LOS's power to adapt the amplitudes and the decoding regions.
• We address how uncertainties on the fading channel moments can be taken into account to design robust constellations that demonstrate the best asymptotic SER performance in any mismatched channel with moments inside the uncertainty region. We show through an explicit example that, given a bounded transmit power, it is not possible to guarantee a non-zero error exponent if the uncertainty of the channel moments is too large.
• We provide numerical results that compare the suggested design with noncoherent ASK modulation and with Pulse Amplitude Modulation (PAM), a pilot-based scheme, for channels with a small coherence time. We also show that the suggested scheme has a smaller PAPR than the ASK modulation for scenarios with low SNR or a large LOS component. The rest of this work is organized as follows. We present the system model in Section II, and summarize relevant work on its asymptotic characterization in Section III. Then, Section IV-A presents the constellation design problem and Section IV-B describes the solution to this problem when the fading distribution is perfectly known. Section IV-C shows how the constellation design problem can be solved when only the first few moments of the fading distribution are known, and Section IV-D addresses the case when even the moments are not known perfectly. Finally, Section V briefly addresses how coding and joint multi-user constellation designs can be taken into account and, in Section VI, we present plots showing the performance of the suggested schemes with representative statistics. Section VIII summarizes this work.
Notation: We use [k] to denote the set {1, 2, · · · , k} where k is an integer. C n×m is the set of all complex-valued matrices of size n × m. For a matrix H ∈ C n×m , the (i, j )-th element is denoted by H i, j and for a vector h ∈ C n×1 , the i -th element is denoted as h i . Re(·) and Im(·) represent the real and imaginary terms, respectively. CN (μ, R) represents the distribution of circularly symmetric complex Gaussian (CSCG) random vectors with mean vector μ and a covariance matrix R. The symbol is used to denote a definition. P refers to a set of power levels that the transmitter uses and n is used to denote the number of receive antennas. We refer to a (K , γ ) Rician fading channel as a channel with Rician fading (K -factor in dB units and unit second moment) and additive white Gaussian noise with a variance σ 2 of −γ dB.
II. SYSTEM MODEL
Consider one single antenna transmitter in a flat fading channel and a receiver with n antennas, where n is a large (but finite) number. The system is represented as
with y ∈ C n×1 , x ∈ C, v ∈ C n×1 , h ∈ C n×1 and each
h , and f (h) is the probability density function of the fading distribution. For normalization purposes and for notational simplicity, we also assume that E[|h i | 2 ] = 1 and E[|x| 2 ] = 1 so that parameters such as longterm shadowing, path-loss and antenna gain are incorporated in the σ 2 . Note that the analysis can be generalized for any finite variance, or for unequal variances of the channel coefficients across the antennas. Note also that the assumption of equal variance of all h i , which is equivalent to assuming the same path loss and slow fading gain across all the receive antennas, in addition to simplifying the analysis, is likely to be accurate in describing colocated multi-antenna receivers.
The average SNR per antenna at the receiver for this model is γ
We assume that the density function f (h) is such that, for any fixed x ∈ C, the moment generating function (m.g.f.) of |y i | 2 , i.e., E[e θ|y i | 2 ], exists and is twice differentiable in an interval around θ = 0. Many fading distributions fall within this model, e.g., Rician fading [3] , in which case h i ∼ CN (μ, σ 2 h ). Note that an important aspect of this system model is the assumption that the channel realizations across the antennas are i.i.d. random variables. While this assumption is not typically accurate in practice, some measurements [41] [42] [43] suggest that, despite the statistical difference between the measured multiple antenna channels and the i.i.d. channels, some conclusions made under the independence assumption are still valid in real channels with large antenna arrays at the transmitter or the receiver.
This work focuses on symbol-by-symbol encoding and decoding schemes that use an average energy-based transmitter and receiver design. This means that information is modulated in the power of the transmitted symbols, |x| 2 , and the receiver estimates only the average power of the received signal,
The use of energy-detection-based transmission and decoding is motivated by the fact, proved in [17] , that such an encoding and decoding method achieves the same SER as a noncoherent ML scheme in the Rayleigh fading channel under symbol-bysymbol decoding.
A. Transmitter Architecture: Energy Encoder
The transmitter encodes information only in the power of the transmitted symbols, i.e., it transmits symbols with power levels from a codebook
Here p k ∈ P is the power level of the k th symbol and L is the cardinality of P .
B. Receiver Architecture: Energy Decoder
Assume the user transmits a symbol whose power is the k th constellation point from P , i.e, p k . In order for the receiver to detect p k , it only computes the following statistic:
i.e., it estimates only the average received power across all its antennas. Based on its knowledge of the statistics of the channel, the receiver divides the positive real line into nonintersecting intervals or decoding regions D = {I k } L k=1 , (each I k corresponding to each p k ∈ P ), and returnŝ
The probability of error P e ( p k ) when the k th power level p k ∈ P is transmitted, and the average SER P s for any fixed constellation size L, are defined as
respectively, assuming equiprobable signaling.
III. CONSTELLATION DESIGN OPTIMIZATION
We are interested in minimizing SER for any fixed constellation size L and fixed n, i.e.,
This problem is in general a difficult problem to solve. The scope of this work is to solve a specific relaxation of this problem motivated by the large n asymptotics (n is large but finite). Specifically, we consider maximizing the error exponent of the SER with respect to n, or a second-order approximation of it. Before describing the relaxation we first define the notion of the error exponent of the SER with respect to n. Using this asymptotic characterization not only helps us make the constellation design problem tractable, but also gives us designs that work with little prior statistical characterization and decouples the effect of the number of receive antennas from the effect of the channel distribution.
A. Error Exponents
Fix any codebook P . Define the receiver's constellation points r ( p k ) to be the value of the average received energy when the transmitter sends the k th power level, i.e., r ( p k ) p k + σ 2 . We now observe that
so, in the limit of large n, due to the law of large numbers and the independence of h and v, it follows that lim
For a finite n, the statistic y 2 n would deviate from the value r ( p k ). To characterize this deviation, it is helpful to define
as the random variation of the received energy at the i th antenna around its expected value r ( p k ).
are independent realizations of the same zero-mean random variable U k whose moment generating function (m.g.f.) is defined as
In the above, M k (θ ) depends on the statistics of the channel and the noise, and the power level p k . Consider the case of hard decoding regions for each power p k as [17] using Lemma 2 we derived an upper bound for the objective in (5) as follows:
where
are referred to as the left and right rate functions of p k respectively and sup x∈ A f (x) is the supremum of f (x) in a set A. To intuitively understand the notion of the left and right rate functions, note that for any d > 0, the minimum between the values of those two functions is essentially the error exponent associated with the probability event of wrongly decoding p k when the receiver uses a decoding interval (r (
In other words, the left and right rate functions capture how likely it is for the received average power to be outside the decoding region that the receiver uses. Both rate functions are non-negative and monotonically increasing for d > 0, i.e., increasing the size of the decoding region can only decrease the probability of wrongly decoding the received symbol. In practice however, for every p k , it is possible that the decoding regions that the receiver employs will not be symmetric around r ( p k ), and this is why we use the notation d r,k and d l,k to refer to the distance of the right and left boundary of the decoding region from r ( p k ) respectively.
to be the rate function of the constellation point p k when the decoder uses I k as a decoding region. Then, it was shown in [17] that
i.e., the error exponent of the SER, denoted as I e , is the same as the worst rate function of the constellation points. In other words, for n large enough, the probability of error performance is dominated by the constellation point with the worst rate function. Therefore, the constellation points P and the corresponding decoding regions D could be chosen in such a way as to maximize the error exponent of the SER, i.e.,
Observe that problem (12) is a relaxation of problem (5) for any finite n, since its objective function is an upper bound on the objective function of the latter. Yet, note that due to (11) this relaxation would provide an asymptotically optimal constellation with increasing n, even if it does not explicitly solve the SER minimization problem exactly for any finite n. Furthermore, an interesting aspect of (12) is that it depends only on the fading distribution, and not on the number of antennas. Decoupling the number of antennas from the fading distribution it allows us to study achievable SERs with large n without explicitly solving (5) . In [17] we showed the following about the left and right rate functions for any p k : • They satisfy:
, where
•
They are non-negative, convex and monotonically increasing in d (postive d) for a fixed non-negative p k , and monotonically decreasing in non-negative p k for a fixed positive d.
• It holds that I l,k (0) = I r,k (0) = 0 for any non-negative p k . The above lemma provides important insights into the dependence of the rate functions on the power levels and channel statistics. Specifically, for a small d, which allows large constellations within a fixed power constraint, we can approximate the rate function using only the first few moments of the fading distribution (E[U 2 k ] depends on the first, second, and fourth moment of the fading distribution as we explicitly show in Section IV-C). Also, for a fixed d, increasing p k leads to smaller rate functions, i.e., worse SER performance. In other words, the constellation points that correspond to high power levels generally experience worse performance than those with low power levels for decoding regions of the same size. We now describe how these analytical properties could be used to solve for the maximum error exponent as defined in problem (12).
IV. CONSTELLATION DESIGNS

A. Overview
We consider three cases of designs to solve (12) , where each case corresponds to a different assumption on the availability of statistical information about the channel.
• Case 1: Subsection IV-B presents a design which assumes that the encoder and decoder know perfectly the channel distribution. This constellation is denoted as P K ,γ .
• Case 2: Subsection IV-C presents a design in which only the first four moments of the fading distribution are perfectly known. This constellation is denoted asP K ,γ .
• Case 3: Subsection IV-D presents a design in which the first four moments of the fading distribution are imperfectly known, denoted asP
K ,γ , where a is the uncertainty in dB around the nominal values of K and γ . In addition to the constellation designs above, we also consider a minimum distance constellation design, denoted as P min , that was proposed in [17] , which has p k =
We now describe each of the above constructions.
B. Perfect Knowledge of Fading Distribution
We first discuss the constellation design with perfect knowledge of the fading distribution at the receiver. Since the exact channel distribution is known, M k (θ ) is also known at the receiver and transmitter for any chosen p k . Then, (12) can be written as assuming decoding regions of the form
, where for simplicity we assume that
Algorithm 2 describes in detail how to get the solution of the optimization problem (13) and a detailed proof is presented in Appendix A. To exemplify the procedure and provide an intuitive argument for the validity of the suggested construction we consider the case with L = 4 shown in Fig. 1 r ( p 1 )) , is at least t * on the boundary. Then, choose the smallest p 2 such that r ( p 2 ) > c 1 and the left rate function of r ( p 2 ), I l,2 (r ( p 2 )−c 1 ), is at least t * . Note that choosing a higher p 2 is always an option but this will lead to a design that uses more power than necessary. We perform this procedure sequentially until we find p L . Then we check if the average power constraint is satisfied. If that is the case, the assumption that there exists a constellation with error exponent at least t * that satisfies the power constraint was correct. If not, we should discard this constellation, decrease t * and repeat the procedure. We can actually search efficiently the highest t * that satisfies the power constraints using a bisection algorithm (Algorithm 1). A proof for this is provided in Appendix A.
For L = 4, Fig. 2 -(a) and 2-(b) show the normalized empirical histogram of the received statistic ||y|| 2 n in a Rayleigh fading channel of the suggested constellation: P K ,γ and P min . The circles and diamonds on the x-axis show the r ( p k ) and the c k (boundaries of the decoding regions) respectively. Observe that for P min there is a significant overlap in the histogram and therefore the receiver experiences high symbol error rates. Also, observe that as p k increases, the variation around r ( p k ) also increases, due to the special nature of the energy detector.
Algorithm 1 Bisection Algorithm
If (S t < 1): t l = t; else t u = t until |t u − t l | < and |S t − 1| < return P * = P ; t * = t; Fig. 2 . Example of the histogram of ||y|| 2 n for n = 100 antennas for P K ,γ and P min .
Furthermore, Fig. 3-(a) shows a numerical comparison of the SER of two systems that transmit using the same codebook P in Rician fading, but with different decoders; the first system uses the decoder in (3) and the decoding regions resulting from the above procedure, and the second system uses the ML noncoherent decoder. Observe that there is no difference in the performance of the two systems in Rayleigh fading, as expected. Moreover, in a Rician fading with a non-negligible LOS component [44] , using only envelope detectors is in general sub-optimal, but at the same time a significantly less complex and energy-efficient system.
C. Perfect Knowledge Up to the Fourth Channel Moment
The constellation design presented above assumes that the receiver knows exactly the fading statistics. This may not be realistic in a practical scenario. In this section, we relax this assumption and consider the scenario in which the encoder and decoder only know the first few moments of the fading 
; return P , D, S t end ConstellationDesign distribution, i.e., up to the fourth channel moment. This relaxed requirement for channel state information is especially important for millimeter wave channels where the small-scale fading channel models are still being developed [28] , [44] , [45] . In these channels, the first few moments may be modelled and estimated more easily than the entire fading pdf.
To see how the knowledge of the first four moments may suffice to design good constellations, let h = h re + jh im , 
where h re , h im ∈ R. Using Lemma 1 leads to 4 . These expressions follow from the Gaussianity of the noise and the fact that the noise and the channel are independent and that the noise is zero-mean. Observe that this approximation depends only on the first, second and fourth moment of the fading distribution. For example, in the case of Rician fading with K-factor K and second moment equal to 1, it can be shown that E[
Substituting the objective function of (13) with (14) leads to the following problem
Note that the objective of problem (13) has been substituted in (21) with an expression that is still non-negative and nondecreasing in d for a fixed p k and non-increasing in p k for a fixed d; i.e., all the properties and arguments that led to Algorithm 2 are still valid. Thus, the approach for solving this problem is similar to the one presented in Section IV-B, with the only difference being that bothĨ Note that the suggested design leads to an algorithm which can be employed in very general channel models even when there is no knowledge of the underlying fading distribution, and that the approximation gets better as L increases. This is because, as L increases, the transmitted powers are packed closer together, the decoding regions (and therefore also {d r,k , d l,k }) get smaller, and thus the approximation (14) gets tighter. Fig. 3-(b) shows this numerically with P K ,γ andP K ,γ as a function of the constellation size L in Rician fading with K = {0, 10, 14} dB and γ = 5 dB. We see that, with increasing constellation sizes, approximation (14) gets tighter, which means that both designs lead to similar error exponents, and thus to similar SER.
D. Robust Constellation Design
Assuming perfect knowledge of the fading distribution or even its first few moments may not be realistic due to changing propagation environments associated with user mobility and estimation errors. This motivates the need for designs which take into account uncertainties in the fading statistics, which can potentially include other hardware non-idealities such as amplitude imbalance ( [46] ). It should be emphasized that since this is an amplitude-based technique, phase errors and I/Q imbalance are not relevant as no information is being transmitted in the phase of the signal. In this section, we build upon the design principles laid out in the previous sections to develop a design that performs well even in the face of channel uncertainties.
To exemplify the suggested approach, we are going to assume that the terminals have estimated the first few moments of the underlying fading distribution up to some bounded uncertainty. We want to find a constellation that could work well for all channels with moments inside their uncertainty region. Recall that E U 2 k = s( p k ) = α 1 p 2 k +α 2 p k +α 3 , where α 2 = 2σ 2 and α 3 = σ 4 . Thus, for a fixed p k , E U 2 k , and hence the rate function approximation depends on the channel and noise statistics only through α 1 and σ . We then define the following set F = {(α 1 , σ ) : α min < α 1 < α max , σ min < σ < σ max }, and note that for each f = (α 1 ,σ ) ∈ F , we can define s f ( p) α 1 p 2 +α 2 p +α 3 , whereα 2 = 2σ 2 ,α 3 =σ 4 .
Then, in order to maximize the approximate worst-case rate function for all possible channels inside the uncertainty region, we modify problem (21) in the following way:
In Appendix C we show how to solve problem (16) and design a constellation that maximizes the error exponent for all statistics in F . The main difference between this design as compared to the previous two algorithms is the need for using power levels and decoding regions which would work well for any fading statistics inside the bounded uncertainty of the channel's moments. To satisfy this, the consecutive power
Algorithm 4 Constellation design: Robust Constellation Design
[t * , P * ] = Bisection( );
end ConstellationDesign levels and decoding regions are generally spread out as far apart as the worst channel requires. Note also that if there is no uncertainty, Algorithm 4 reduces to Algorithm 3. An important aspect of this approach is that problem (16) , in contrast to the problems (13) and (18), may be infeasible. Such an example is presented below.
1) Infeasibility of the Robust Constellation Design Problem:
In this section we present a simple example that shows that, for a fixed average power constraint P, a very high uncertainty on the fading statistics could lead to infeasibility in the robust constellation design problem (Section IV-D). Consider the case of constructing a constellation with L = 2, an uncertainty region σ 2 ∈ ( , 1 ) for some > 0 and perfectly known α 1 = 1 for simplicity (the case of Rayleigh fading). Fix t * > 0. Then, based on Algorithm 4 we choose p 1 = 0 and c 1 = 1 + t * . We next choose p 2 to be the smallest p > 0 that satisfies 
, it follows that, no matter how small t * is, if the uncertainty is so large such that 2P < 1 − , the robust design problem will be infeasible.
V. DESIGN CONSIDERATIONS: COMPLEXITY, CODING AND MULTI-USER CONSTELLATIONS
We now provide a short discussion on three important design considerations that are needed for understanding the feasibility of the suggested system: the complexity involved in computing the constellations, going beyond a single-shot system, i.e., time-coding, and multi-user joint noncoherent energy-based constellation designs.
A. Complexity
The constellation designs algorithms are based on the bisection method over the error exponent t as shown in Algorithm 1, which means that in order to achieve a tolerance > 0, O(log 2 ( 1 )) iterations are needed. In each iteration, the L constellation points are calculated serially by solving an equation over one unknown, which means that the final complexity is O (L log 2 (  1 ) ). Note that these algorithms could actually be executed off-line and included as look-up-tables in the transmitter and receiver using a granularity on both the SNR and the LOS Rician factor. For example, using the robust constellation designP (2) K ,γ , the two-dimensional grid can have a step of 2 dB in both dimensions. Even if the constellations need to be computed real-time, they are only supposed to adapt to the large-scale channel statistics, such as the LOS Rician factor and SNR, which typically stay constant over relatively long periods. If, for example, theP (2) K ,γ is used, the constellation would need to be recomputed only when K or γ change more 2 dB.
B. Coding
Channel coding techniques, such as turbo coding and LDPC coding, heavily rely on "soft bit" information being generated after the demodulation at the receiver. The most well-known way of getting this information is through the notion of Log Likelihood Ratio (LLR) [47] , whose computation requires the knowledge of the likelihood function. We now demonstrate how one can generate soft information in our system. Assume we are transmitting a symbol x = √ p k . For any received average energy y = ||h √ p k +v|| 2 n , it holds that, for any > 0
or, in other words, the likelihood can be approximated as
for a large number of antennas n. Thus, the rate functions I r,k (r ( p k )) approximate the log-likelihood of the received energy to be in a small interval around r ( p k ) when p k was transmitted. Even though more details on how to use this information is not provided in this work due to space constraints, it is evident that it is possible to use this approximation to get the LLRs when coding is employed. Furthermore, it is actually possible to go beyond single-shot communication even outside the context of turbo and LDPC coding. Specifically, in [48] it was shown a simplified constellation design framework to code across multiple symbols using the same principles as those presented in this work, and show that the SER error exponent increases with the number of symbols when the coherence time is 1. This framework can actually lead to an enhanced noncoherent amplitude-based scheme when the coherence time of the channel is any T > 1, since the coded blocks of symbols can be scrambled before transmission to ensure that symbols of the same block experience independent fading.
C. Multi-User Constellation Designs
Even though this work focused on a single-user noncoherent energy-based constellation design, it is actually possible to jointly design the constellations of two or more users such that they transmit concurrently, and the receiver can still decode all users [49] . To see how this is possible, consider m single antenna transmitters, one receiver with n antennas, and the following system model: 0 and f (h) is the probability density function of any element of H. Denote as p = [p j 1 , · · · , p j m ] T the vector of the power levels transmitted from each user at the j th symbol. Observe that, in the limit of large n the following holds at the receiver:
where c > 0. Therefore, it is possible to jointly design the power levels of all the users such that the average received energy at the receiver is as distinguishable as possible using an objective similar to the one shown in this work.
VI. NUMERICAL EXAMPLES
This section contains simulation studies which demonstrate and compare the performance of all the constellation designs proposed in this work. In the following sections, for the designs which depend on an underlying channel, i.e., P K ,γ ,P K ,γ ,P (a) K ,γ , the (K , γ ) channel is referred to as the nominal channel, whereas any other channel is referred to as a mismatched channel.
A. Comparison With a Pilot-Based System With PAM and a Noncoherent System With ASK
Consider a block-fading Rician fading channel h i ∼ CN (μ, σ 2 ) with coherence time T and with n antennas at the receiver. We assume that both the transmitter and the receiver know the fading statistics but not the exact channel realization.
In the first numerical example we compare the performance of the proposed P K ,γ with that of an ASK constellation, and with that of a system that uses a PAM constellation (referred to as PAM system) assuming a binary reflected Gray Code (BRGC) [3] . In the PAM system the transmitter uses the first T l slots of each coherence interval to transmit pilot symbols. Based on the received signals in these slots, the receiver derives the MMSE channel estimates {ĥ i } at the end of the T l learning slots. Using these estimates it decodes the symbols transmitted during the remaining T − T l slots of the coherence interval. Note that, assuming a constellation size of L, the effective rate of such a system is
The noncoherent system that uses ASK i.e., amplitudes that are equally spaced apart, performs decoding using an energybased ML receiver. Fig. 4 -(a) to 4-(c) plot the minimum number of antennas needed to achieve an uncoded BER = 10 −3 for different K = {−∞, 0, 13} dB and γ = 10 dB for different coherence times T . We make the following observations: First, our noncoherent constellation design performs significantly better than the system with an ASK constellation for all values of K . For example, in Rayleigh fading our constellation needs approximately half the number of antennas to achieve the same BER performance. Second, in the case of medium K Fig. 4-(b) , which is known to all the receivers, our system performs better than the PAM system with T l = 0 which exploits the phase of the LOS component. Note that our system does not exploit the phase of the LOS component, only the value of K to decode the symbols. For a high value of K (4-(c) ), the PAM system can be more efficient than the suggested system for T l = 0. Recall however that the former exploits the phase of the LOS, whereas the suggested system is not. Note that Fig. 4-(a) does not show the performance of the PAM system since in Rayleigh fading the latter cannot reach the BER target for any number of antennas as the phase of the transmitted symbol is completely destroyed. We also observe that, for short coherence times, the proposed constellation design still requires a smaller number of antennas to reach the BER threshold compared to the PAM system with T l = 1. On the other hand, for higher coherence times, the PAM system achieves better performance since the gains of learning are more than the corresponding decrease in the effective rate. Yet, observe that for small rates, e.g., 1 − 2 bits/symbol, not more than 20 additional antennas are needed by the energybased system to achieve the same BER as PAM. Fig. 4 -(d) plots the error exponent I e for different values of γ , and Rician channels with K = {∞, 0} dB and L = 4, for two noncoherent systems that use ASK and P K ,γ . We observe that for all channel conditions, our noncoherent constellation design achieves a much higher I e than the ASK constellation. Also, for high SNR, the error exponent that uses the ASK constellation is not increasing as fast as the system with P K ,γ . This is due to the fact that the ASK's power levels are fixed, and do not adapt to the channel conditions.
B. SER Performance Comparison of
In the second numerical example (Fig. 5) we present, as a function of n, a numerical SER estimate for a 3−bit constellation (L = 8) for channels with K = −∞ dB, i.e., Rayleigh fading and γ = {5, 10} dB. We consider the following constellations: P K ,γ ,P K ,γ , P min and ASK. As expected, P K ,γ achieves better SER performance than all the remaining designs. Yet, the difference of the approximate designP K ,γ from P K ,γ is not significant, especially at low SNR. Also, the minimum distance design P min is significantly worse than any other design.
C. Performance of the Robust Constellation Designs on the Nominal and Mismatched Channels
In the third numerical example we demonstrate the inefficiency of theP K ,γ constellation in a mismatched channel and the ability ofP designs on the {(−9, 9), (−9, 11), (−11, 9), (−11, 11)} channels respectively. Observe the huge performance loss that occurs due to the overestimation of the SNR. Smaller performance loss is observed due to the uncertainty on the value of K , or when the SNR is underestimated. Fig. 7 -(a) presents the SER performance ofP
−10,10 and P −10,10 in the (−10, 10) channel to show that even with nominal statistics, the performance of the robust design is close to that of the design that is explicitly optimized for the nominal statistics. This shows that the maximum performance loss due to the robust design compared to a constellation optimized for a known channel is tolerable, especially considering the fact that not taking into account the uncertainty could lead to a significant performance deterioration as shown in the previous example.
D. Performance on a Nakagami-m Fading Channel
We now show an example in which using P K ,γ designed for a Rician fading channel leads to a worse performance compared to aP K ,γ in a Nakagami-m fading channel. This shows that not taking into account the uncertainty in the fading distribution, and over-optimizing the constellations for the Rician channel, could lead to worse performance than a much simpler constellation design which is based only on the first four moments of the channel. Specifically, consider the case of a channel for which it holds that E[
. This channel could correspond to a Rician channel, i.e., h i ∼ CN
, or a Nakagami-m channel with = 1 and m such that Fig. 7 -(b) plots P s for γ = 0 dB and K = 6 dB in a Nakagami-m fading channel using L = 8, for the following two scenarios: (1) a Rician fading channel model and the P 6,0 constellation design, (2) Only the first four moments are perfectly estimated and used in theP 6,0 design. Observe that assuming Rician fading and using the corresponding constellation, leads to a worse performance in Nakagami-m fading than using a constellation design which takes into account only the first few moments of the channel.
VII. PEAK-TO-AVERAGE POWER RATIO
Peak-to-average power ratio (PAPR) [3] is a measure of how the signal-envelope peak power exceeds the average transmitter power. It is an important metric that is related to the cost of amplifiers that need to be used, since their efficiency drops when PAPR is high. Furthermore, based on the fact that the communication range depends on the average signal power, the cost of a wireless system would generally increase if the PAPR of the chosen modulation is high. In this section, we now compare the PAPR of the ASK modulation with the suggested modulation and show that in certain scenarios of high practical interest, the latter not only has a better SER performance but also a much lower PAPR. Fig. 8 shows the PAPR ofP Recall that the PAPR of the ASK constellation does not depend on the channel statistics. Based on these figures, there are several important points that we can make. First, as it has been already known [1, Section 4.1.7] , the PAPR of the ASK modulation reaches an asymptotic PAPR value of 4.8 dB with increasing constellation size. We observe that P K ,γ also experiences a similar qualitatively behavior with increasing constellation size, whereas the PAPR ofP (2) K ,γ can even decrease with increasing constellation size. Second, for low SNR values, the suggested constellations have a significantly smaller PAPR than ASK. To understand why this is true, observe that at low SNR the power levels chosen in the optimized constellations tend to be equally separated on the real line [17] , whereas the ASK's power levels correspond to amplitudes that are equally separated, and therefore power levels that are increasingly further apart. This leads to optimized constellations with smaller PAPR value. In the limit of low SNR and high constellation sizes the optimized constellations will have a PAPR of 2 (i.e., the PAPR of a constellation with equally separated power levels) which is 2.8 dB less than that of the ASK constellation.
A similar effect is also observed in channels with a large LOS component: As shown in Fig. 8 , in a channel with a higher K the suggested constellations tend to have both a significantly smaller PAPR and a better error exponent (which translates to a better SER performance with increasing number of antennas). However, at higher SNR values, botĥ
K ,γ tend to use a higher maximum power level than the ASK constellation. Yet, depending on the application, this is not a significant drawback. For example, in wideband systems, the transmit power will be spread out in many frequency bands, which would lead to small SNR values at the receiver. Note also that noncoherent modulation is more attractive for low-power devices, which will typically need only low-spectral efficient, low-power modulation schemes. In these scenarios the operating SNR will be low, and the suggested scheme could provide both a PAPR and a SER performance enhancement compared the ASK modulation.
VIII. CONCLUSIONS AND FUTURE WORK
We have formulated and solved the single-shot constellation design problem for a noncoherent SIMO system with a large number of antennas and an average energy-detection-based receiver. We present asymptotically optimal constellation designs with respect to the achieved error exponent when the system has perfect knowledge of the fading statistics. Then, we present a constellation design which requires only the knowledge of the first four moments of the fading statistics. The gap to optimality with this design becomes smaller with larger constellation sizes. Lastly, we present a robust counterpart of our designs which takes into account the uncertainty in the fading statistics. We evaluate the performance of all the proposed constellations, and compare them with existing symbol-by-symbol noncoherent schemes in typical scenarios as well as in pilot-based schemes. The results show that our designs exhibit a better SER performance and achieve a smaller PAPR for scenarios with a low SNR or a large LOS component than the noncoherent ASK modulation scheme. They also exhibit a better SER performance than a pilot-based scheme that uses PAM modulation when the coherence time is small.
Our findings here suggest that simple receiver architectures are promising alternatives to complex coherent designs for the large antenna systems of the not-too-distant future. We did not however explore the full range of optimizations that could potentially be carried out in such a setup. We list some directions for future research in the following: 1) antenna correlation and how this affects the performance; this is especially relevant as antenna form factors go down with increasing numbers of antennas, 2) optimized constellation designs for a multi-user noncoherent SIMO system, and 3) coding and "soft bit" information generation.
APPENDIX A
To begin, without loss of generality, index the constellation points such that 0 ≤ p 1 < p 2 < · · · < p L . Then, fix any codebook P which satisfies the average power constraint, and solve (13) over only the decoding regions {I i }, i.e., over
. This subproblem can be written as maximize
Observe that (18) (20) . Then, the following optimization problem finds the optimal P :
The solution of (21) corresponds the largest t * such that the following problem is feasible:
Observe that for t * = 0 the above problem is feasible since I r,k (d) ≥ 0 and I l,k (d) ≥ 0, and that for t * = ∞ it is infeasible due to the finite power constraint and the fact that The problem now is to find the largest t * for which (22) is feasible. We are going to describe in detail the algorithm that finds whether problem (22) has a feasible solution for any fixed and finite t * > 0. The basic idea of this construction is that, for any fixed t * , we should find the constellation with the smallest average power constraint, as this is the only constraint that could lead to infeasibility of (22 (22) is feasible solves (13) .
To efficiently perform this procedure we can employ a simple bisection algorithm (Algorithm 2). To see this, observe that for at, such that t * <t, the corresponding constellation design leads to higher (or equal) average transmitted power (infinite power if the problem is infeasible). This is true because, at each step of the constellation design, findingd r,k that satisfies I r,k (d r,k ) =t will lead to ad r,k withd r,k > d * r,k , and findingp k which satisfies I l,k (p k −p k−1 −d r,k−1 ) =t will lead to ap k withp k > p * k .
APPENDIX B
In this appendix we take into account the approximation of the left and right rate functions shown in (14) to simplify the algorithm needed for a constellation design that uses only the first, second and fourth moments. Equation (20) 
